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Fig. 1. We present a method for fabricating integral joints using standard CNC machines. Nonzero-radius milling tools cannot produce sharp internal corners,
and naively milling traditional designs leads to geometric deviations that make joints unassemblable. We introduce an optimization that adjusts geometry to
yield millable, tightly coupled joints, and validate our approach on a dataset of 30 traditional designs.

Traditional integral wood joints, despite their strength, durability, and el-
egance, remain rare in modern workflows due to the cost and difficulty of
manual fabrication. CNC milling offers a scalable alternative, but directly
milling traditional joints often fails to produce functional results because
milling induces geometric deviations—such as rounded inner corners—that
alter the target geometries of the parts. Since joints rely on tightly fitting sur-
faces, such deviations introduce gaps or overlaps that undermine fit or block
assembly. We propose to overcome this problem by (1) designing a language
that represent millable geometry, and (2) co-optimizing part geometries to
restore coupling. We introduce Millable Extrusion Geometry (MXG), a
language for representing geometry as the outcome of milling operations
performed with flat-end drill bits. MXG represents each operation as a sub-
tractive extrusion volume defined by a tool direction and drill radius. This
parameterization enables the modeling of artifact-free geometry under an
idealized zero-radius drill bit, matching traditional joint designs. Increasing
the radius then reveals milling-induced deviations, which compromise the
integrity of the joint. To restore coupling, we formalize tight coupling in
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terms of both surface proximity and proximity constraints on the mill-bit
paths associated with mating surfaces. We then derive two tractable, dif-
ferentiable losses that enable efficient optimization of joint geometry. We
evaluate our method on 30 traditional joint designs, demonstrating that
it produces CNC-compatible, tightly fitting joints that approximates the
original geometry. By reinterpreting traditional joints for CNC workflows,
we continue the evolution of this heritage craft and help ensure its relevance
in future making practices.

1 Introduction
Integral joints (referred to as Kigumi in Japanese) are assembled
without glue, nails, or screws. Such joints have long been valued for
their strength, reusability, and elegance. Developed across diverse
woodworking traditions [45], they achieve mechanical function
through tightly mating surfaces that constrain motion and transfer
load. This property enables a rich design vocabulary, from sliding
locks to hidden seams and stress-distributing features. Yet despite
their utility, integral joints remain rare in modern manufacturing
workflows. Producing them by hand requires high precision, spe-
cialized tools, and years of training—making them impractical in
most contemporary workflows.
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Three-axis CNC milling offers a compelling alternative. It is ac-
cessible, programmable, and widely used in modern woodworking.
However, traditional integral joint designs contain sharp internal
corners—features easily produced with hand tools but incompati-
ble with cylindrical mill bits, which will inevitably cause rounding
errors of aligned inner corners. While such tool-induced artifacts
are acceptable in many fabrication settings, integral joints are an
exception. Their function depends entirely on tight surface contact
between mating parts. Even small rounding errors can introduce
gaps or overlaps that disrupt alignment, compromise fit, and in
many cases, make assembly physically impossible.

Adapting integral-joint designs for CNC fabrication requires more
than simply translating shapes into toolpaths: the geometry must be
modified to anticipate milling artifacts and preserve precise contact
between parts. Figure 2 shows this issue on a simple dovetail joint:
starting from a traditional design, naive milling introduces artifacts
that break tight coupling, whereas our method produces geometry
that is both millable and tightly coupled. Most joints, however, are
far more intricate: surfaces are often shaped by multiple milling
passes from different directions, may interact with others cut on
orthogonal faces, and many joints involve more than two parts
(see Figure 1). Adapting such designs requires careful reasoning
about how machining errors accumulate across interacting surfaces.
We propose a tailored geometric representation and optimization
procedure that accounts for these interactions and yields millable,
tightly coupled joints across a broad range of joint designs.
Our first contribution is Millable Extrusion Geometry (MXG), a

geometric language for parts that can be fabricated by a flat-end
cylindrical milling bit. MXG models each part as a sequence of sub-
tractions from an initial material stock (e.g., a wood block). Each
subtraction operation removes a perpendicular 3D extrusion of a
planar 2D shape expressed using a simple constructive solid geome-
try (CSG) language, and successive subtractions remove material
along different extrusion directions. The representation is millable
by design and parameterized by the tool radius, making it natural
for analysis and mitigation of tool radius-related artifacts such as
the unavoidable rounding of interior corners (cf. Figure 2). While
MXG only covers a subset of geometry producible by CNC milling,
we designed it to be expressive enough to handle large classes of in-
tegral wood joints. Its constrained structure enables key algorithmic
simplifications that make our method computationally efficient.
Our second contribution is an optimization procedure based on

two measures of tight coupling. The first, Surface Gap, penalizes
separation between opposing surfaces to maintain contact after
milling. The second, Milling Path Distance, analyzes the milling
path on both sides of a contact surface and constrains their closest-
point distance to twice the tool radius, which complements the
surface-based measure and stabilizes the optimization. Together,
they provide a continuous and differentiable assessment of coupling
under milling constraints, enabling robust gradient-based optimiza-
tion of multi-part assemblies.
We begin with MXG programs authored in an idealized setting

with zero tool radius and progressively increase this radius, ad-
justing the part geometry through optimization to maintain tight
coupling. Because contact depends on the interaction of all parts, the
optimization must be performed jointly. As we will show later, the

CNC-millable CNC-millable CNC-millable
Tightly coupled Tightly coupled Tightly coupled

Fig. 2. The path towards a millable & usable dovetail joint. (a) The orig-
inal joint geometry contains features that cannot be milled as they are
incompatible with the CNC machine’s finite tool radius. (b) Individually
adapting each part to be millable introduces overlaps that prevent successful
assembly. (c) Our method jointly optimizes all contact surfaces to produce
geometry that is both millable and tightly coupled.

structure of MXG and the design of our coupling metrics can be ex-
ploited to collapse the full 3D problem domain to a sparse set of pla-
nar 1D curves, whichmakes such an approach computationally feasi-
ble. The result is Millable Kigumi or MiGumi joints—millable rein-
terpretations of traditional tightly coupled MiGumi integral joints.
We evaluate our method on a dataset of 30 traditional joint de-

signs, modeled in MXG under an idealized zero-radius setting. Since
no existing method directly addresses the problem of restoring
tight coupling under milling constraints, we compare against two
non-optimization-based variants. We show that these alternatives
compromise either millability or coupling, while our approach con-
sistently preserves both. Beyond quantitative analysis of fabrication
validity, surface alignment, and geometric fidelity, we physically fab-
ricate 9 joints using a standard 3-axis CNC machine—demonstrating
that our results hold in real-world settings. Finally, we show that
our method enables structured design exploration under milling
constraints, significantly expanding the space of tightly coupled
joint geometries that can be realized with modern CNC tools.

By integrating modern fabrication technologies with traditional
joinery knowledge, our research contributes to reducing manual
labor in production, expanding access to advanced joint design,
and supporting the continued relevance of heritage woodworking
techniques in contemporary manufacturing.

In summary, our contributions are:
(1) MXG, a DSL to model shapes as the outcome of milling

operations with flat-end tools, enabling both specification
of artifact-free geometry under idealized conditions and
systematic control over milling-induced artifacts.

(2) A differentiable optimization framework for restoring tight
coupling under fabrication constraints by maximizing sur-
face proximity and milling-path alignment between joint
part MXG programs.

(3) A dataset of 30 traditional joint designs, modeled in MXG,
serving as a benchmark for millability-aware joint genera-
tion.

Code and dataset available at: bardofcodes.github.io/migumi

https://bardofcodes.github.io/migumi
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2 Related Work

2.1 Integral Joints & Interlocking Assemblies
Integral Joints. Several systems have proposed to support the

design of external joints that rely on separate connectors [12, 16] as
well as integral joints that are part of the components themselves
[6, 13, 32, 40]. Within this latter area, Decorative Joinery [40] notably
infers an internal joint geometry based on surface partitioning of
an input object, enabling automatic generation of intricate join-
ery structures. However, the resulting designs are not constrained
by CNC-milling limits and typically assume either 3D printing or
manual carpentry for manufacturing the parts.
In contrast, systems have also been proposed for fabrication of

integral joints with CNC milling [13, 20, 31]. Some approaches [20]
enable assemblability by introducing overcuts, but these come at the
cost of reduced surface contact and often non-preferred appearance.
Fingermaker! [6] and tools within AutoDesk Fusion 360 [31] preserve
tight contact but are limited to the relatively simple joint family of
planar finger joints. Additional efforts have focused on curating fixed
libraries of millable joint designs [9, 11] without supporting new or
parametrically-adjustable geometries, and often with overcuts. In
contrast, our framework supports a broader class of joint types and
enables continuous geometric variation while explicitly preserving
tight coupling under realistic CNC constraints.

Most closely related to our work is Tsugite [13], which focuses on
joints that can be fabricated using 3-axis CNCmilling, with emphasis
on an interactive interface for rapid iteration and design feedback.
Their modeling domain, however, is limited to low-resolution voxel
grids (up to 5 × 5 × 5), which restricts the range of representable
geometries—making common designs such as dovetails fall outside
their scope. Our work is inspired by this approach and aims to make
integral joints millable more broadly.

Interlocking Assemblies. A wide body of prior work has explored
the computational design of interlocking assemblies, particularly
in the context of rigid part furniture [8, 37] and mechanical puz-
zles [7, 36]. We refer readers to a recent survey [39] for a compre-
hensive overview. While related, interlocking is distinct from tight

coupling. Interlocking assemblies allow local gaps as long as global
motion is blocked; by contrast, integral joints often rely on precise
surface mating for structural integrity and aesthetics. Moreover,
these methods typically do not integrate fabrication constraints,
whereas our approach explicitly accounts for the geometric artifacts
introduced by milling-based fabrication.

Other Properties of Integral Joints and Assemblies. Yet other work
focus on other specific types of integral joints, such as those that
are reconfigurable, meaning that parts connect in multiple different
ways [19, 28] and cone joints, which are designed for simplifying
the physical assembly process [38].

2.2 Geometry under Milling Constraints
Retrofitting milling operations. Several systems model fabrication

by retrofitting subtractive operations to efficiently match a target
geometry [2, 17, 22, 41, 42]. VDAC [17], for instance, infers a se-
quence of milling actions that approximate a given shape, but does

not account for fabrication-induced artifacts such as inner round-
ing or staircasing. This approach is suitable for small-scale objects
fabricated on 5-axis CNC machines, where such artifacts can be re-
solved through secondary post-processing. Other research focuses
on optimizing the CNC end bit geometry or toolpaths to minimize
fabrication errors and to create smooth finishes [2, 41]. However,
for deep structures—common in joinery—tool head reachability is
limited, making artifact removal impractical. Instead, we optimize
the design itself to preserve its functional property—tight coupling—
despite unavoidable milling artifacts.
Sellán et al. [26] developed a general and efficient method for

morphological opening and closing of geometries. They demonstrate
that the closing operation can be used to generate tool-paths to
cut 2D planar shapes. In contrast, our work focuses on 3D shapes
fabricated with multiple milling operations where closing alone
does not yield a feasible tool path.
Other work focus on tool path efficiency, reducing the milling

time [35], which is beyond the target of our current study. Yet
other work propose hybrid approaches, combining subtractive and
additive manufacturing [10, 44], which is also out of scope for this
study.

2.3 Other Related Directions
Optimizing functionality under fabrication constraints. There is a

growing body of work that integrates fabrication constraints into
optimization pipelines aimed at achieving structural or geometric
goals within the domain-specific fabrication constraints of wire art
[33], grid shells, [4], board-based furniture [23, 34], laser cuts [1],
and 3D-prints [18], to mention a few. As for CNC-milling, while
extensive efforts have been made to develop path planning algo-
rithms for reproducing target geometries as closely as possible (refer
to section 2.2), there is little research on adapting designs to fabri-
cation constraints. An exception is Mirzendehdel et al. [21], who
incorporate accessibility fields into topology optimization for multi-
axis machining. In contrast to this work, however, our geometry is
millable by construction, and the functional objective we optimize
is not structural stiffness or load-bearing performance, but rather
surface coupling fidelity between parts.

Alternative joint fabrication techniques. Beyond CNC milling, in-
tegral joints have been fabricated using a variety of processes, such
as 3D printing [15, 29, 30, 40], laser cutting [3, 24, 25, 43], and using
power tools [14]. Each fabrication technique has unique constraints
and geometrical implications, so generality between techniques
typically does not apply.

3 Modeling Millable Geometry
Milling-induced corner rounding artifacts break tight coupling be-
tween parts, introducing overlaps. Preserving coupling requires
anticipating where artifacts occur and adapting the design accord-
ingly. We address this need with Millable Extrusion Geometry
(MXG), a representation that models geometry as the outcome of
milling operations produced by flat-end, uniform-radius tools—a
common setup in CNC woodworking.
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Section 4: Modeling Millable Geometry Section 5: Restoring Tight Coupling

Original parts Millable parts Milling artifacts

Millable
but overlapping

joint

Millable
Tightly coupled 

joint

Overlaps

No overlaps

Fig. 3. Overview: Our method addresses two challenges: modeling milling-induced distortions and restoring tight coupling. Section 3 introduces MXG, a
representation that models geometry as the outcome of milling operations, exposing rounding artifacts caused by milling. Section 4 presents an optimization
scheme that adapts joint geometry to restore coupling despite these artifacts.

3.1 Preliminaries
A millable solid 𝑃 ⊂ R3 is represented as:

𝑃 =𝑀 −
⋃
𝑖

𝑉𝑖 , (1)

where𝑀 is the material stock and each𝑉𝑖 is a volume removed by a
milling operation. To ensure that 𝑉𝑖 is physically realizable it must
be expressible as a Minkowski sum1 with the tool’s swept volume.
The rotational sweep of flat-end uniform-radius drill-bit yields a
cylinder. Therefore, this can be written as:

𝑉𝑖 = 𝑋𝑖 ⊕ Cyl𝑖 , (2)

where𝑋𝑖 is an arbitrary shape and Cyl𝑖 ⊂ R3 is the rotational sweep
of the drill bit for the 𝑖-th operation. To enforce accessibility, Cyl𝑖 is
modeled as a semi-infinite cylinder extending away from the milling
direction, ensuring that each 𝑉𝑖 is accessible from outside.

A constructive way to satisfy Eq. 2 is to define𝑉𝑖 as the extrusion
of a 2D region 𝐶𝑖 ⊂ R2, embedded in a plane orthogonal to the
milling direction n𝑖 , over the semi-infinite interval (−∞, ℎ𝑖 ). If 𝐶𝑖

satisfies the Minkowski condition, i.e., 𝐶𝑖 = 𝑋𝑖 ⊕ 𝐵𝑟 for some
region 𝑋𝑖 and disk 𝐵𝑟 of radius 𝑟 , then the resulting volume 𝑉𝑖
is millable by a flat-end tool of radius 𝑟 (see supplementary for
proof). MXG encodes this construction through a primitive called
the Millable Extrusion Field. We now introduce this primitive and
describes how it is composed to construct millable geometry by
design.

3.2 Millable Extrusion Geometry (MXG)
We introduce Millable Extrusion Geometry (MXG), a represen-
tation for programmatically constructing millable geometry using

1Given two sets𝐴, 𝐵 ⊂ R𝑛 , their Minkowski sum is defined as𝐴 ⊕ 𝐵 = {𝑎 + 𝑏 | 𝑎 ∈
𝐴, 𝑏 ∈ 𝐵}.

�� �� := �� � �� �� ⊕ ��

����

Fig. 4. Morphological opening is the canonical way to derive geometry that
can be safely removed by a milling tool. Given an implicitly defined input
shape 𝑓𝑖 (left) and a structuring element 𝐵𝑟 representing the tool shape, the
operation first applies aMinkowski subtraction (erosion,middle column) and
then restores the removed volume by a subsequent addition (dilation, right
column). The resulting shape excludes regions that the tool cannot reach and
serves as a conservative, millable approximation of the original geometry.

explicitly parameterized subtractive primitives. The core construct
in MXG is the Millable Extrusion Field (E), which defines a single
milling operation. Each E generates a subtractive volume 𝑉𝑖 that is
guaranteed to be millable by a flat-end drill of radius 𝑟 .

��

n�

o�

ℎ�

Fig. 5. Extrusion with 𝑟 = 0

An millable extrusion field E𝑖 is pa-
rameterized by a 2D signed distance func-
tion 𝑓𝑖 : R2 → R, an embedding plane
𝑝 (o𝑖 , n𝑖 ), an extrusion height ℎ𝑖 , and a
drill radius 𝑟𝑖 . It defines a volume E𝑖 by
extruding the sublevel set 𝐶𝑖 = {𝑥 |
𝑓𝑖 (𝑥) ≤ 0} from −∞ to ℎ𝑖 along the direc-
tion n𝑖 , as shown in Figure 5.
To ensure millability, the base region

𝐶𝑖 must satisfy the Minkowski condition
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(a) (b) (c)
n�o���

�� E�
��
�

ℎ�

��

Fig. 6. We construct a millable extrusion by (a) defining a 2D SDF 𝑓𝑖 using a
symbolic CSG tree, (b) applying morphological opening to obtain a millable
base region𝐶𝑟

𝑖 , and (c) extruding this region along direction n𝑖 to produce
the solid volume E𝑖 .

with respect to a disk of radius 𝑟𝑖 . We enforce this using morpho-
logical opening [27]: we erode 𝑓𝑖 to obtain 𝑔𝑖 = 𝑓𝑖 ⊖ 𝐵𝑟𝑖 , then dilate
the result to define the updated region

𝐶𝑟
𝑖 = {𝑥 | (𝑔𝑖 ⊕ 𝐵𝑟𝑖 ) (𝑥) ≤ 0}.

This guarantees that the extruded volume is physically realizable
with a drill of radius 𝑟𝑖 . The full extrusion is then given by E𝑒

𝑖 =
extrude(𝐶𝑟

𝑖 , n𝑖 , ℎ𝑖 ). Figure 4 illustrates this process.
Figure 6 shows the full construction pipeline: a 2D profile defined

using symbolic CSG is morphologically opened and extruded to
produce a valid subtractive volume. 𝑓𝑖 can be specified using an
arbitrary constructive solid geometry (CSG) expression, allowing
for rich and parameterized profiles.

Part Programs. MXG defines complete part geometries as a se-
quence of millable subtractions. Each part is represented as a ma-
terial stock 𝑀 minus a set of millable extrusion volumes, i.e., 𝑃 =
𝑀 − ⋃

𝑖 E𝑖 , as given in Equation 1. This formulation ensures that
the resulting geometry is physically millable by construction. Fig-
ure 7 illustrates the expressiveness of MXG: we illustrate varied part
geometries constructed by subtracting multiple different extrusions.

Modeling Milling-induced Artifacts. A key feature of MXG is
that it provides explicit control over milling artifacts through per-
subtraction parameters: the drill direction n𝑖 and radius 𝑟 . Figure 8 (a)
illustrates how increasing the drill radius introduces progressively
stronger corner rounding, while Figure 8 (b) shows how varying
the milling direction alters the artifact—even when the underlying
geometry remains identical at zero radius.

Modeling MXG0 programs. To express clean, artifact-free geom-
etry, we author joint designs under an idealized setting of a zero-
radius mill bit 𝑟 = 0, yielding what we refer to as MXG0 programs.
Although not directly fabricable, these programs capture the in-
tended shape of traditional joints. As we increase the tool radius 𝑟 ,
evaluating the same program yields geometry distorted by milling-
induced artifacts. MXG thus provides a modeling framework that
captures both idealized geometry and its distortion under fabrication
constraints.

4 Restoring Tight Coupling
We now address the challenge of restoring tight coupling between
parts in the presence of milling-induced artifacts. This requires rea-
soning about both the geometry of mating surfaces and the milling
operations that generate them. We first formalize tight coupling

Fig. 7. Examples of traditional integral joint parts modeled usingMXG. Each
example shows the resulting solid along with the milling directions and
2D contours of the subtractive extrusions used in its construction. These
examples capture the original design but require a physically infeasible
milling tool with radius 𝑟 = 0.

(n� , �� )

(a)

(b)

Fig. 8. Our Millable Extrusion Geometry (MXG) representation enables
explicit control over milling-induced artifacts via the drill radius 𝑟 and
subtraction direction n𝑖 parameters. The left column shows the target part
with an ideal tool radius (𝑟 = 0). (a) Increasing 𝑟 amplifies corner rounding.
(b) Varying n𝑖 shifts both the location and orientation of artifacts.

using two complementary measures: one that evaluates surface
contact between parts, and another that constrains the spacing be-
tween paired milling paths. These measures are differentiable and
efficiently computable for MXG geometry, enabling their use as
loss functions. We then describe an optimization process that takes
MXG0 programs as input and updates their parameters to maintain
coupling under a target milling radius 𝑟 .

4.1 Surface Gap
Let a joint system be composed of parts P = {𝑃1, . . . , 𝑃𝑛}. As tight
coupling is typically expected only in the interior region of the joint
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(a) Joint parts (b) Equivalent slice sets of (c) Representative slices

Z2Z1

Z3

(d) Optimized slices

����

(e) MIGUMI parts

����

Z2Z1

Z3

Z2Z1

Z3

��

Fig. 9. (a) Our optimization pipeline exploits a structural property of MXG representation to greatly reduce the problem complexity. Based on its definition as
a composition of subtractive planar extrusions, we observe that tight coupling can be fully characterized in 1D slices that lie perpendicular to the extrusion
directions. (b) Many of the slices exhibit identical behavior and can be further grouped into a few representative planar sets. (c) The optimization domain then
reduces to 1D planar curves within these representative slice sets. The interface of Z1’s slice with extrusions from other directions is shown as a dashed red
line. Such boundaries are kept fixed. (d) We optimize this reduced space to compute tightly coupled geometry, and (e) reassemble the results into the final 3D
MiGumi parts.

system, we define the coupling volume Ω ⊂ R3 as the region within
which all surfaces must be in tight contact. In our approach, we
simply define Ω as the internal volume of the joint system excluding
its exposed surfaces.

Let P = {𝑃1, . . . , 𝑃𝑛} be parts inR3, and letΩ ⊂ R3 be the coupling
volume. The Surface Gap is defined as:

MS (P;Ω) =
𝑛∑︁

𝑎=1

∫
𝜕𝑃𝑎∩Ω

min
𝑏≠𝑎

D(𝑥, 𝑃𝑏 ) 𝑑𝐴(𝑥), (3)

where 𝜕𝑃 is the surface/boundary of part 𝑃 , 𝑥 is the center of an
infinitesimal surface patch 𝑑𝐴(𝑥) on the surface 𝜕𝑃𝑎 and D(𝑥, 𝑃𝑏 )
is the Euclidean distance from point 𝑥 to the surface of part 𝑃𝑏 . We
call a joint system P tightly coupled within Ω ifMS (P;Ω) = 0. That
is, every point on a surface within the coupling volume must be in
exact contact with the surface of another part.

4.2 Surface Gap for MXG Shapes
When each part 𝑃 is constructed using an MXG program, a natural
decomposition of its boundary surface emerges that allows us to
reformulate the surface gap MS (𝑃 ;Ω) into a significantly more
tractable form.
Recall from Section 3.2 that a part 𝑃 is expressed as 𝑃 = 𝑀 −⋃
𝑖 E𝑖 , where each E𝑖 denotes the volume removed by extruding a

planar region 𝐶𝑖 along direction n𝑖 , starting from plane 𝑝 (o𝑖 , n𝑖 )
and extending over the interval (−∞, ℎ𝑖 ). As a result, the surface of
part 𝑃 is composed of three disjoint subsets (Figure 10): the portion
inherited from the material stock: 𝜕𝑀 = 𝜕𝑃 ∩ 𝜕𝑀 , the lateral surfaces
formed by the sides of each extrusion, denoted by 𝜕𝐿𝑖 , and the cap
surfaces formed by the terminal flat ends of each extrusion, denoted
by 𝜕𝐶𝑖 . Using this decomposition, MS for a single part 𝑃 can be
rewritten as:

MS (𝑃 ;Ω) =
∑︁
𝑖

(∫
𝜕𝐿𝑖

T +
∫
𝜕𝐶𝑖

T
)
+

∫
𝜕𝑀

T ,

where T = min
𝑃𝑏≠𝑃

D(𝑥, 𝑃𝑏 ) 𝑑𝐴(𝑥).
(4)

��

��
��

Fig. 10. Our method incorporates a Surface Gap measure that promotes
tightly coupled part interfaces. Its efficient evaluation relies on decomposing
each part’s boundary into material surfaces (𝜕𝑀 ), cap surfaces (𝜕𝐶 ), and
lateral surfaces (𝜕𝐿), illustrated here using a dovetail joint.

For clarity, we omit intersection with the coupling volume Ω,
though all integrals are restricted to surface regions within it. Note
that the surfaces 𝜕𝐿𝑖 and 𝜕𝐶𝑖 for an extrusion E𝑖 is formed only on
regions where material exists (i.e. the part volume remaining after
subtracting other extrusions).

We now focus on the lateral surface term 𝜕𝐿𝑖 . Since this surface is
generated by sweeping a 2D profile 𝐶𝑖 along direction n𝑖 , we can
partition it into infinitesimally thin slices orthogonal to n𝑖 , each
corresponding to a planar curve. This allows us to express the 3D
surface integral as a 1D integral over a family of planar contours:∫

𝜕𝐿𝑖

T =
∫ ℎ𝑖

𝑧=−∞

(∫
𝜕𝐶𝑖 (𝑧 )

min
𝑃𝑏≠𝑃

D(𝑥, 𝑃𝑏 ) 𝑑𝑠 (𝑥)
)
𝑑𝑧, (5)

where 𝜕𝐶𝑖 (𝑧) = 𝜕𝐶𝑖∩𝑃 (𝑧) denotes the boundary of the 2D extrusion
profile𝐶𝑖 that creates a surface on part 𝑃 at depth 𝑧 along the milling
direction.
Now, rather than measuring the 3D distance from each surface

point 𝑥 ∈ 𝜕𝐶𝑖 (𝑧) to the full surface of 𝑃𝑏 , we compute the 2D
distance to its planar intersection at the same slice height 𝑧, denoted
𝑃𝑏 (𝑧). Note that this yields a stronger criterion: the 2D clearance
upper bounds the true 3D clearance, ensuring that any improvement
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Fig. 11. We optimize two complementary measures to ensure tight coupling: the Surface Gap evaluates the surface contact of adjacent part pairs, while the
Milling Path Distance constraints the spacing between their milling paths. Left: given an input joint design, we first convert it into tool paths (striped areas)
with a nonzero tool radius. These initial paths do not yet yield tightly coupled geometry. Middle: the Surface Gap measures the proximity of opposing surfaces
by numerically integrating the closest-point distances measured from a discrete sampling (red points) along the underlying plane curve within a representative
slice (cf. Figure 9). Right: the Milling Path Distance evaluates the distance between milling paths by inserting one path into the planar signed distance field
(SDF) of the opposing part and smoothly penalizing values that deviate from the desired distance (2 · 𝑟 ). We optimize both via gradient-based methods.

under this measure also improves the true surface contact. Since
each slice has infinitesimal thickness, this effectively measures the
gap between projected part contours in 2D. A key observation now
follows: for any two slicing planes 𝑧1 and 𝑧2, the corresponding slice
integrals are identical whenever (i) the domain of integration 𝜕𝐶𝑖 (𝑧)
remains the same, and (ii) the set of projected contours {𝑃𝑏 (𝑧)}𝑏≠𝑃
from other parts does not change. In such cases, the integral can be
evaluated once on a representative slice and scaled by the size of
the equivalent slice set.

This insight significantly reduces computational cost: surface gap
for the lateral surfaces can be evaluated by identifying the set of
equivalent slices, computing a single 2D contour integral for each,
and summing their contributions:∫

𝜕𝐿𝑖

T ≈
𝑚∑︁
𝑘=1

𝑤𝑘 ·
(∫

𝜕𝐶𝑖 (𝑧𝑘 )
min
𝑃𝑏≠𝑃

D(𝑥, 𝑃𝑏 (𝑧𝑘 )) 𝑑𝑠 (𝑥)
)
, (6)

where 𝑤𝑘 is the size of the 𝑘-th equivalence class, and 𝑧𝑘 is any
representative height from that class. Figure 9(a–c) illustrates our
planar slice-based evaluation. (a) shows a two-part joint, (b) de-
picts the three planar equivalence slice sets for one part, and (c)
highlights one representative slice from each set. Together, the con-
tours 𝜕𝐶𝑖 (𝑧𝑘 ) on each representative slice span the lateral surface
within the coupling volume Ω, and are used to efficiently estimate
surface gap. This approach is especially effective for traditional
integral joints, where large regions often satisfy the equivalence
condition—allowing surface gap to be estimated efficiently from a
small number of representative contours.

To keep the set of representative slices compact, slices are grouped
along each extrusion directions after subtracting other extrusions
whose directions are not parallel with the current one. Further, dur-
ing optimization, we keep the contours along these inter-direction

interfaces fixed, preventing shifts that would otherwise change their
equivalence class. The red dashed lines in Figure 9(c-d) illustrates
such a case.
Critically, evaluating surface gap on this compact set of planar

slices not only improves efficiency but also suffices to preserve global
coupling. If the initial configuration is tightly coupled and only the
extrusion profiles 𝑓𝑖 are modified, then enforcing zero deviation on
these slices ensures that the overall surface gapMS (P;Ω) remains
zero, i.e., contributions from cap surfaces and material surfaces also
evaluates to zero.

4.3 Milling Path Distance
Recall that each extruded region 𝐶𝑖 is formed by dilating a base
curve 𝑔𝑖 by a disk of radius 𝑟𝑖 , i.e., 𝐶𝑖 = 𝑔𝑖 ⊕ 𝐵𝑟𝑖 . We assume 𝑔𝑖 is an
exact signed distance function, and therefore the Minkowski Sum
can be performed using the dilation operator. The boundary 𝜕𝐶𝑖

defines the visible surface of the milled region, while the zero-level
set of 𝑔𝑖 can be interpreted as the tool path that generates 𝜕𝐶𝑖 . We
refer to this zero contour 𝜕𝑔𝑖 := {𝑥 | 𝑔𝑖 (𝑥) = 0} as the mill path
associated with extrusion E𝑖 . Note that this is not the tool path used
for fabrication.
While the Surface Gap measures deviation between mating

surfaces, it operates solely on the extruded boundaries 𝜕𝐶𝑖 . These
boundaries are produced by dilating the underlying mill paths 𝑔𝑖 ,
which are parameterized and optimized to restore tight coupling.
This introduces a mismatch: multiple different mill paths can pro-
duce nearly identical extruded contours. As a result, optimization
can become unstable, with large changes in 𝑔𝑖 producing negligi-
ble changes in 𝜕𝐶𝑖 . In practice, this leads to having zero-gradients
from certain parameters of 𝑔𝑖 and consequently poor convergence
in certain configurations (Figure 12).
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To address this issue, we impose an additional constraint on
the mill paths. When a tightly coupled surface is generated by two
extrusions (E𝑎

𝑖 , E𝑏
𝑗 ) with parallel normals, their mill paths—the zero-

level sets 𝜕𝑔𝑎𝑖 and 𝜕𝑔𝑏𝑗—must stay a fixed distance apart, equal to the
sum of the cutter radii. Each milled surface is obtained by offsetting
its mill path by the cutter radius. For the two surfaces to coincide
without gaps or overlap, the underlying paths must be separated by
𝑟𝑖 + 𝑟 𝑗 .

We formalize this using the Milling Path Distance (MP), which
penalizes deviation from the ideal path-to-path spacing:

MP (𝑔𝑎𝑖 , 𝑔𝑏𝑗 ) =
∫
𝑥∈𝜕𝑔𝑎𝑖

(
D(𝑥,𝑔𝑏𝑗 ) − (𝑟𝑖 + 𝑟 𝑗 )

)2
𝑑𝑠 (𝑥), (7)

where 𝑑𝑠 (𝑥) denotes arc-length measure along the contour 𝜕𝑔𝑎𝑖 ,
and D(𝑥, 𝑔𝑏𝑗 ) gives the signed distance from 𝑥 to the opposing mill
path. In practice, this loss is applied only in planar slices where
both contours arise from paired extrusions with collinear axes. A
symmetric version of the loss, computed over 𝜕𝑔𝑏𝑗 is also applied.

4.4 Optimization
We now detail the optimization process that transforms an artifact-
free MXG0 program—defined under the idealized setting of zero-
radius drill bits—into a physically realizable MXG𝑟 program that
preserves tight coupling under a target drill radius 𝑟 > 0.

Our optimization strategy builds on the formulation in Section 4.2,
where we showed that, for a single part, surface gap can be reduced
to a small set of planar slice integrals—one per set of equivalent
slices. To preserve tight coupling across the full joint system, we
must now perform this optimization simultaneously across all parts.
We sample a compact set of slices that span all lateral surfaces in
the coupling volume and perform co-optimization of all intersecting
paths within each slice. This strategy ensures that contact is restored
across all interfaces while keeping the optimization tractable. To
maintain compatibility across different directions, we treat interface
contours between non-aligned extrusions as fixed. This allows each
slice-aligned stage to proceed independently, while preserving both
millability and global coupling. Figure 9(c-e) illustrates this process
for a traditional joint: although optimization is performed on just
three representative planar slices, the resulting design exhibits tight
coupling across the full 3D assembly.

Per-Slice Optimization. In each slice, we optimize the profile fields
𝜕𝑔𝑖 of all intersecting extrusions to minimize both surface gap (MS)
and deviation from ideal milling path distance (MP). This requires
computing losses that depend on distances between sampled points
and neighboring geometry. Specifically, for each extrusion intersect-
ing the slice, we sample points on its boundary contour 𝜕𝐶𝑖 and on
its mill path 𝜕𝑔𝑖 , and evaluate their proximity to either other parts
(forMS) or paired paths (forMP).

To evaluate the Surface gap lossLS, a Monte Carlo approximation
of MS (cf. equation 3), we construct a 2D slice-wise representation
of each part by projecting its material and extrusion volumes onto
the slicing plane. These are composed into a pseudo–signed distance
field using Boolean operations. While not a true Euclidean SDF, it
yields sufficiently accurate distance estimates near the contour 𝜕𝐶𝑖 ,
where optimization is concentrated. At each sampled point on 𝜕𝐶𝑖 ,

∇L = 0

(a) (b)

��

��

Fig. 12. (a) We optimize the milling tool path (striped area) via the Surface
Gap to keep the boundary of the subtracted volume (Yellow) in tight contact
with the opposing part. (b) A degeneracy can arise during this process,
where the Surface Gap has zero gradient with respect to the concave
regions of the tool path (dark blue vertices). We address the problem by
introducing an additional Milling Path Distance metric that keeps these
vertices sufficiently close to the boundary.

we evaluate the minimum distance to projected boundaries of other
parts in the slice. For the Milling Path Distance loss LP, a Monte
Carlo estimate of MP (cf. equation 7), we use the exact SDFs of
mill paths 𝑔 𝑗 . At each sampled point 𝑥 on the zero contour 𝜕𝑔𝑖 , we
evaluate 𝑔 𝑗 (𝑥) and penalize deviation from the target offset 𝑟𝑖 + 𝑟 𝑗 .
This directly constrains the alignment between opposing mill paths
that form tightly coupled surfaces. Figure 11 illustrates how the two
losses are computed: points are sampled on the surface curve to
measureMS and on the mill paths to measureMP.
In addition to enforcing tight coupling, we encourage the opti-

mized geometry to remain close to the original design by using an
occupancy preservation loss Locc. This term penalizes deviations
from the occupancy of each part across a uniform grid of samples
on the planar slice. The occupancy field is computed as a smooth
function of the part’s signed distance field, enabling gradient-based
update. The final optimization objective combines all three compo-
nents:

Ltotal = LS + 𝜆P · LP + 𝜆occ · Locc, (8)
where scalar weights 𝜆P and 𝜆occ control the relative influence of
the auxiliary terms during optimization. Further implementation
details, including point sampling routines and slice-projection of
expressions, are provided in the supplementary.

5 Evaluation
We evaluate our approach on a curated dataset of traditional joint
designs, focusing on the task of converting idealized, artifact-free
programs into millable, tightly coupled assemblies. All experiments
use a fixed drill radius of 𝑟𝑑 = 3.175mm (1/8 inch) and assume
material stock with 3 × 3 cm2 cross-section unless otherwise noted.
We begin by describing the dataset and methods compared. We
then present quantitative results that demonstrate that our method
ensures tight coupling along with millability. Finally, we show fab-
ricated outputs and design variations.

5.1 A Dataset of Tightly-coupled Integral Joints
We construct a dataset of 30 traditional joint designs using the
MXG0 representation, based on a catalog of Japanese woodwork-
ing techniques [5]. The dataset captures a broad range of integral
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Fig. 13. A selection of integral joints from our dataset of 30 traditional designs, modeled in MXG0. Each example demonstrates a different functional or
structural motif: (a) a case joint with hidden mating seams, (b) a joint using cylindrical stock, (c) a joint with diagonal subtraction, (d) a right angled joint, (e) a
joint with 3 parts, and (d) a straight connection joint. This dataset supports evaluation, benchmarking, and further research into CNC-fabricable joinery.

joinery structures used in practice. Interestingly, we found that
approximately 80% of designs in the catalog could be faithfully
modeled using flat subtractive extrusions. We believe this high cov-
erage reflects an alignment between traditional fabrication and
MXG representation: in both settings, all material must be removed
directionally from outside the stock. More importantly, manual fab-
rication techniques make it difficult to construct curved surfaces
which are tightly coupled, resulting in a strong preference for pla-
nar features—precisely the type of geometry encoded by MXG’s flat
extrusions.
The designs are authored using a custom visual programming

tool that provides parametric control over extrusion profiles, milling
directions, and depths. All parts are modeled under the zero-radius
drill bit setting, yielding artifact-free geometry faithful to the source
designs. Authoring the dataset required approximately 40 person-
hours.

Figure 13 shows representative examples from the dataset. These
include (a) case joints, (b) joints with cylindrical stock, (c) joints
with diagonal cuts, (d) right-angled joints, (e) joints with 3 parts and
(f) straight joints. We believe this dataset provides a concrete foun-
dation for research in joinery modeling, fabrication-aware geometry
design, and CNC-compatible procedural representations.

5.2 Experimental Details
ComparisonMethods. We compare our optimization-basedmethod

against two alternatives for converting artifact-free MXG0 programs
into millable, tightly coupled joint designs:

(1) Opening-Only (MO). Applies morphological opening to each
part’s extruded region, producing millable geometry by con-
struction. No attempt is made to preserve surface coupling.

(2) Opening & Diff-Flip (ODF). Begins with millable parts ob-
tained via opening, then restores contact by applying the

resulting shape differences to paired parts. That is, the vol-
ume of each part removed due to the opening operation
(Diff) is directly added to the paired part (Flip). Although
simple, this heuristic often yields invalid subtractions that
break millability.

Evaluation Metrics. We report four metrics that collectively assess
fabrication feasibility, contact quality, and geometric preservation.
Exact Millability (%M) measures the percentage of designs for

which all subtractions satisfy the Minkowski condition. Since mor-
phological opening is idempotent, this is verified by checkingwhether
each extrusion remains unchanged under opening. A design is
counted as millable if every subtraction passes this test.
Coupling Success Rate (C𝜏 ) quantifies how many designs retain

tight surface contact after conversion. For each joint, we measure
the volume of overlap between parts and volume of gap i.e. space
occupied by a part in the initial design that is no longer occupied
by any parts. This is done by voxelizing each part (each voxel with
side length 30/256 = 0.11mm), and counting number of voxels. A
design is considered tightly coupled if the intersection volume is
within a threshold 𝜏 = 135mm3 (i.e. 0.5% of the volume of a cube
of 30 mm sides). Please refer to the supplementary for evaluation
over different threshold values.
To illustrate the difference between ablations of our method,

we report the Median Violation Volume (V), the median mismatch
volume (gaps plus overlaps) across all joints. We also measureDesign
Deviation (D), which quantifies how much the final part geometry
differs from the original artifact-free design. We compute this by
voxelizing each part before and after optimization and counting the
number of non-matching voxels. The reported D is the median of
this value across all parts in the dataset.
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Method %M ↑ %C𝜏 ↑
Opening-Only (MO) 100% 6.25%
Opening & Diff-Flip (ODF) 25% 96.87%
Ours 100% 90.62%

Table 1. Comparison of methods for converting joint designs into millable,
tightly coupled geometry. We report Millability (M) and Coupling Success
Rate (C𝜏 ). Only our optimization-based method is successful at generating
designs that are both millable and tightly coupled.

V (mm3) ↓ ∇D (mm3) ↓
Ours 74.82 456.14

No LS 138.23 483.52
No LP 120.56 474.60
No Locc 83.16 543.27
No gradual 𝑟𝑑 rollout 142.11 488.96
No ODF initialization 238.64 569.59

Table 2. Subtractive ablation of our optimization pipeline. Each row disables
a single component, and we reportMedian Violation Volume (V) and Design
Deviation (∇D). The full method yields the best performance across both
metrics.

5.3 Quantitative Evaluation
We evaluate all three methods on our dataset of 30 traditional joint
designs. Table 1 summarizes the performance of each approach
across millability and tight surface contact.
The Opening-only approach achieves perfect millability (M =

100%), as expected from its use of morphological opening. However,
it entirely fails to preserve tight coupling: almost all the designs
fail to meet the contact threshold (C𝜏 = 6.25%), and surface over-
laps are visibly large. The Opening & Diff-Flip method improves
contact, successfully achieving tight coupling for a notable major-
ity (C𝜏 = 96.87%). However, 75% of the resulting designs contain
one or more subtractions that are not valid under the Minkowski
condition (M = 25%), limiting their fabricability. In contrast, our
optimization-based approach satisfies both criteria across all designs:
every joint remains fully millable by construction (M = 100%) while
achieving tight contact on almost all mating surfaces (C𝜏 = 90.625%).
This makes it the only method to guarantee both geometric and
fabrication validity at once.

Figure 14 compares outputs from all three approaches across mul-
tiple joint designs. The Opening-only (MO) method consistently pro-
duces overlapping parts that prevent assembly, while the Opening &
Diff-Flip (ODF) variant yields better alignment but often introduces
subtractions that violate millability. In contrast, our optimization-
based method produces geometries that are both tightly coupled
and fabricable, with minimal deviation from the original designs.

5.4 Ablation Study
To attribute the contribution of different components in our op-
timization pipeline, we conduct an ablation study by selectively
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Fig. 14. Comparison of methods for converting joint designs into millable,
tightly coupled geometry.Opening-only (MO) yields overlapping parts, while
Opening & Diff-Flip (ODF) improves contact but violates millability. Our
optimization-based method achieves both tight coupling and fabrication
validity. Failure regions are highlighted with zoomed insets.

removing loss terms and heuristics from our method. Table 2 re-
ports the effect of each modification using two metrics: average
surface gap (S), and design deviation (D).
We begin by ablating the loss functions introduced in Section 4.

Removing the Milling Path Distance loss LP or the Surface Gap

loss LS leads to notable increases in surface gap—highlighting the
importance of using both to achieve tight coupling. Omitting the
Occupancy Preservation loss Locc increases the average design devi-
ation (D), indicating that it plays a key role in preserving geometric
fidelity to the original design.
We also evaluate two implementation strategies that improve

optimization quality and convergence. First, instead of optimizing
directly at the target drill radius 𝑟𝑑 , we adopt a gradual rollout
schedule: starting from radius zero, we increase 𝑟 in small incre-
ments, re-optimizing at each step. This improves stability, especially
for large-radius artifacts. Second, we initialize the profile fields 𝑔𝑖
using the output of an Opening & Diff-Flip (ODF) pass at radius
𝑟𝑑/2. This initialization expands the expressive range of 𝑔𝑖 early
on, enabling better adaptation during optimization. Without it, we
observe stagnation due to insufficient parameter flexibility. While
adaptive reparameterization is a possible alternative, ODF initial-
ization provides a lightweight and effective solution. As shown in
Table 2, removing any of these strategies results in a significant loss
in performance, illustrating that they play a key role in ensuring
that the optimization is successful.
Finally, we report that our optimization process takes roughly

5 minutes per planar slice. Most joints yield within 1 to 3 slices,
depending on the number of parts and the orientation of milling di-
rections. Full optimization typically completes within ∼10 minutes.

6 Fabrication and Design Outcomes
Physical Fabrication. To validate that our optimized joint designs

are physically realizable, we fabricated eight joints using a 3-axis
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Fig. 15. CNC-Milled Physical Outputs. Assembled and disassembled states of joints physically fabricated using a 3-axis CNC milling machine with a
quarter-inch flat-end bit. The parts of joint (e) were positioned at a 45 degree angle during milling. The holes in joint (f) were fabricated after assembling the
two pain parts of the joint, ensuring high precision despite repositioning. The parts of joint (g) were repositioned twice to accommodate the multiple milling
directions.

CNC machine equipped with a quarter-inch flat-end bit. Each joint
was generated from an MXG program and optimized using our
method to ensure both millability and tight coupling under the tar-
get bit radius. All square parts were cut from 3 cm wooden stock,
and the cylindrical part diameter was 4 cm. The joints were assem-
bled without glue, nails, or fasteners. Refer to the supplementary
materials for further details.

Figure 15 shows the joints in assembled and dissassembled states.
Each achieves precise alignment and firm contact between mating
surfaces, with no visible gaps or overlaps. Importantly, the observed
milling artifacts (e.g., inner corner radii) match those modeled in
the optimization process, confirming that our artifact-aware repre-
sentation translates accurately to physical fabrication. Each joint
required between 18–25 minutes of machine time.

Enabling Design Exploration. Beyond fabrication, MXG enables
structured exploration of design alternatives. By explicitly modeling
the parameters that induce milling artifacts—tool direction and drill
radius—authors can evaluate how different configurations trade
off aesthetic, structural, and fabrication considerations. Figure 17
shows two variants of the same functional joint, each implemented
via a different MXG program. In (a), all extrusions are aligned along
the joint’s sliding axis, hiding milling artifacts inside the joint; this
improves exterior appearance but requires axis-parallel milling,

which can be infeasible in some setups. In contrast, (b) performs all
milling laterally, ensuring accessibility on typical 3-axis machines
but revealing artifacts externally.

7 Conclusions
In this paper, we addressed the challenge of fabricating tightly cou-
pled integral joints with CNC milling. CNC milling induces arti-
facts—such as inner corner rounding—which disrupt tight coupling,
resulting in poor fit or failed assembly. We addressed this challenge
through a two-part solution: (1) modeling how milling alters geome-
try, and (2) optimizing part designs to restore tight coupling despite
these deviations.
To enable controllable modeling of milling artifacts, we intro-

duced Millable Extrusion Geometry (MXG), a representation
in which parts are constructed from subtractive milling operations
performed with flat-end drill bits. Each operation is parameterized
by a tool direction and drill radius, not only ensuring fabricability by
construction but also making the source of milling artifact explicit.
To preserve tight coupling, we formalized two losses: Surface Gap,
which measures geometric separation between mating surfaces, and
Milling Path Distance, which constrains the toolpaths that gener-
ate them. For geometry expressed in MXG, both losses reduce to 1D
contour integrals on planar slices, enabling tractable and accurate
optimization. We optimized all extrusion profiles jointly, yielding
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(a) Unresolvable gaps

Gap

(b) Assembly failure (c) Incompatible design

Fig. 16. Failure cases of our method (a) Tight coupling is infeasible when three mill paths meet at a sharp corner—resulting in unavoidable gaps. (b) A joint
that becomes unassemblable after optimization as our optimization does not consider assemblability as an additional requirement. (c) The Osaka-Jo Otemon
Joint, which requires subtractions incompatible with flat-end milling, and thus cannot be represented in MXG.

millable geometries that maintain tight coupling under realistic
fabrication constraints.
We evaluated our method on a curated dataset of 30 traditional

joints and found that it outperformed baseline approaches for pre-
serving tight coupling despite milling-induced artifacts. We also
fabricated 8 joints on a 3-axis CNC machine, verifying that our
designs translate to physical assemblies. By making tightly cou-
pled integral joint design directly millable with CNC machines, our
approach makes such joints more widely accessible and lays the
groundwork for a new class of joinery designs.

7.1 Limitations & Future Work
While our approach enables the fabrication of a broad class of tradi-
tional joints, several limitations remain—each pointing to promising
future directions.
A key limitation of our approach arises when multiple concave

subtraction are under tight coupling. When multiple extrusions
intersect at sharp internal angles, it becomes geometrically infeasi-
ble to maintain perfect surface contact while satisfying millability
constraints—resulting in small but unavoidable clearance gaps (Fig-
ure 16(a)). This issue also arises when two extrusions interface with
a fixed boundary (from non-aligned extrusions), as in the case of the
joint in Figure 9. Addressing such cases may require hybrid fabrica-
tion strategies that go beyond 3-axis milling, such as introducing
auxiliary planar cuts or incorporating secondary tools like chisels
or saw blades. Such extensions would also be necessary to support
the ∼20% of joints in our source catalog [5] that cannot be modeled
using flat-end extrusions alone. Figure 16(b) shows the Osaka-Jo
Otemon Joint, a traditional design that includes subtractions which
cannot be decomposed into externally accessible flat-end milling
operations.
A second limitation is the need to manually author MXG0 pro-

grams. While our visual programming tool streamlines this process,
creating designs from scratch still requires expertise and time. Fu-
ture work could explore automatic inference of subtractive extrusion
programs frommesh-based geometry, allowing users to model joints
in conventional CAD tools while benefiting from our representation.
Additionally, improved authoring interfaces—such as motif libraries,
sketch-based editing, or learning-based retrieval of common joint

(b)

(a)

Fig. 17. MXG enables controlled trade-offs between fabrication constraints
and design aesthetics. Here, we show two variants of a joint which differ
in milling direction. (a) Aligns all extrusions along the sliding axis, hiding
artifacts internally but requiring axis-parallel milling. (b) Performs all milling
laterally, improving accessibility but exposing artifacts externally.

structures—could make MXG more accessible to novice users and
support faster design iteration.
Third, our system does not currently account for assembly se-

quencing. Although the optimized joints are tightly coupled, they
may become unassemblable due to the modified geometry. In our
dataset, 1 of the 30 joints cannot be manually assembly after opti-
mization. We show an example in Figure 16 (b). Future work could
incorporate directional blocking analysis directly into the optimiza-
tion loop, or constrain extrusion paths to preserve known assembly
sequences.
While our system enables the fabrication of integral joints via

CNC milling, the full repertoire of techniques used by master car-
penters remains beyond its scope. Traditional joints often incorpo-
rate subtle construction strategies—such as intentional minuscule
misalignments, or in-driven wedges—that enhance strength or aid
assembly. Modeling these expert techniques and making them acces-
sible through modern fabrication tools remains an open challenge.
We view this study as a concrete step toward that broader goal.
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